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Sets, relations
Sets, notation

Sets: notation

Sets of numbers:
N, Z, Q, R, C

The set of all subset of a set A is the power set of A; it is denoted
by P(A):

P(A) := {X | X ⊆ A}.

Frequently we use the following algebra of subsets of a given set A:

(P(A),∩,∪, ′ , ∅, A).
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Sets, relations
Sets, notation

Some special collections of sets

BA := {f | f : A→ B}
For A 6= ∅, f : N→ A - sequence

I , A - arbitrary sets.
A function I → P(A) is a family of subsets from A;

I - index set

Denotation - {Ai , i ∈ I}.

B. Šešelja and A. Tepavčević Lattice and poset valued structures



Sets, relations
Sets, notation

⋃
{Ai , i ∈ I} := {x | x ∈ Ai for some i ∈ I}⋂
{Ai , i ∈ I} := {x | x ∈ Ai for all i ∈ I}.
F - a set whose elements are sets;⋃
F := {x | x ∈ X , for some X ∈ F}⋂
F := {x | x ∈ X , for all X ∈ F}.
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Sets, relations
Relations

Relations

A binary relation ρ on a nonempty set A is a subset of A2: ρ ⊆ A2

In general, if n ∈ N and ρ ⊆ An, then ρ is an n-ary relation on A,
or a relation whose arity is n.
For n = 1, ρ is a unary relation, i.e., a subset of A; if n = 3, then
the corresponding relation is ternary.

Binary relations are the most frequent ones; usually they are
referred as relations.

Binary relations can more generally be defined as subsets of a
direct product A× B of two sets. These are also called
correspondences from A to B.
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Sets, relations
Algebra of relations

Algebra of relations
A 6= ∅
P(A2) = {ρ | ρ ⊆ A2} - the set of binary relations on A.

∅ - empty relation.

A2 - full relation on A.

∆ = {(x , x) | x ∈ A} - equality relation on A, diagonal
relation, diagonal of A.

ρ−1 = {(y , x) | (x , y) ∈ ρ} - inverse relation for ρ ∈ A.
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Sets, relations
Algebra of relations

Composition of relations

Composition (product) of relations ρ and θ on A is a
relation ρ ◦ θ on A, defined by:

ρ ◦ θ = {(x , y) | (∃z)((x , z) ∈ ρ ∧ (z , y) ∈ θ)}.

A composition of relations on a same set is associative, but in
general it is not commutative. �

B. Šešelja and A. Tepavčević Lattice and poset valued structures



Sets, relations
Special properties of relations

Relations with special properties
ρ - relation on A.

ρ is reflexive if:
(∀x)(x , x) ∈ ρ. (r)

ρ is reflexive if and only if ∆ ⊆ ρ. �

ρ is symmetric if for all x , y ∈ A:
(x , y) ∈ ρ⇒ (y , x) ∈ ρ. (s)

ρ is symmetric if and only if ρ ⊆ ρ−1. �
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Sets, relations
Special properties of relations

ρ is transitive if for all x , y , z ∈ A
(x , y) ∈ ρ ∧ (y , z) ∈ ρ⇒ (x , z) ∈ ρ. (t)

ρ is transitive if and only if ρ ◦ ρ ⊆ ρ. �

Equivalence relation
A relation ρ on A which is reflexive, symmetric and transitive
is an equivalence relation on A.
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Sets, relations
Equivalence relation

ρ - equivalence relation on A, a ∈ A.

[a]ρ := {x | aρx} - equivalence class for a.

A/ρ := {[x ]ρ | x ∈ A}. - quotient (factor) set.

Let ρ be an equivalence relation on A and x , y ∈ A. Then
(a) [x ]ρ 6= ∅;
(b) [x ]ρ ∩ [y ]ρ 6= ∅ ⇒ [x ]ρ = [y ]ρ;
(c)

⋃
{[x ]ρ | x ∈ A} = A. �

Partition
A collection of nonempty, pairwise disjoint subsets of a set A,
whose union is A, is a partition of A. Sets in the partition are
classes or blocks.
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Sets, relations
Equivalence relation

A quotient set A/ρ is a partition of A. �

Theorem

Let Π be a partition of a nonempty set A. Define on A a relation
ρΠ:
xρΠy ←→ x and y belong to the same class of Π.
ρΠ is an equivalence relation on A. �

Theorem

Let ρ be an equivalence relation on A, and ρ1 equivalence relation
corresponding to A/ρ. Then, ρ = ρ1.
Contrary, let Π be a partition on a set A and ρΠ the corresponding
equivalence relation. Then A/ρΠ = Π. �
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Ordered structures
Ordering relation

Antisymmetry
A relation ρ on A is antisymmetric if it fulfills the condition:
if x 6= y and xρy , then it is not yρx . (a)

A relation ρ on A is antisymmetric if and only if any of the
following two conditions holds:
xρy ∧ yρx ⇒ x = y;
ρ ∩ ρ−1 ⊆ ∆. �

Examples
Relations < , 6 , > , > , | on N are all antisymmetric.

Inclusion ⊆ and strong inclusion ⊂ are antisymmetric on
P(A). 2
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Ordered structures
Ordering relation

Order
A relation ρ on A is an ordering relation, relation (partial)
order if it is reflexive, antisymmetric and transitive.

Examples
Basic orderings on N are 6 and | .

The relation 6 is also an ordering on other sets of numbers:
Z, Q and R.

On the power set P(A) of an arbitrary set A, inclusion ⊆ is
an ordering relation. 2

B. Šešelja and A. Tepavčević Lattice and poset valued structures



Ordered structures
Poset

Poset

A nonempty set P is ordered if there is an ordering relation
defined on it, usually denoted by 6 .

A relational structure (P, 6 ) is a (partially) ordered set,
briefly a poset.

Examples of posets
Posets of numbers:

(N,6), (N, | ), (Z,6), (Q,6), (R,6).

(P(A),⊆)
A - nonempty set, P(A) - the power set of A, ⊆ - inclusion.

2
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Ordered structures
Poset

If x 6 y or y 6 x , then x and y comparable under 6,
otherwise they are incomparable.

An order on P is linear (total) if every two elements are
comparable, ie., if for all x , y ∈ P, either x 6 y or y 6 x .
With such an order P is said to be linearly or totaly ordered.

Definition of < (”less”) deduced from an order on the same
set:

x < y if and only if x 6 y i x 6= y .

This relation is antisymmetric and transitive, but it is not
reflexive.
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Ordered structures
Poset

On the poset (P, 6 ), usually a covering relation denoted by
≺ is defined using the existing order, as follows.

(P,6) - poset, x , y ∈ P.
x ≺ y if and only if x < y , and x 6 z 6 y implies z = x or
z = y ;

or equivalently

x ≺ y if and only if x < y and ¬(∃z)(x < z < y).

We say that x is covered by y , or that x precedes y .

A covering relation is antisymmetric.
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Ordered structures
Poset

Examples

The following holds in (N,6):
m ≺ n if and only if n is the successor of m (n = m + 1).

The following holds in (N, | ):
m ≺ n if and only if n = m · p, for some prime number p.

In the power set (P(A),⊆) of a set A the following holds:
X ≺ Y if and only if Y = X ∪ {a}, for some a ∈ A. 2
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Ordered structures
Poset

Diagram

Hasse diagram of a poset P is a directed graph, whose
vertices are elements of P, while edges connect elements in
the covering relation determined by the order on P.

Examples
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Ordered structures
Poset
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Ordered structures
Poset

Sub-poset of a poset P ordered by 6 is a nonempty subset Q of
P, ordered by the same relation:

(∀x , y ∈ Q)(x 6Q y ←→ x 6 y).

The order on Q is induced by the order on P.

Examples
An infinite sub-poset of (N, | ) is (N∗, | ), where N∗ is the set
of square free natural numbers.
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Ordered structures
Poset

If A is a nonempty set, then (P∗(A),⊆) is a sub-poset of the
power set P(A), where P∗(A) represents the collection of all
nonempty subsets of a set A.

The set P0(A) of all finite subsets of a set A is a sub-poset of
the power set of A.

The set E(A) of all equivalence relations on a nonempty set A
is under inclusion a sub-poset of P(A2). 2
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Ordered structures
Poset

Linearly ordered sub-poset of P is a chain.

A subset A of P containing incomparable elements of P only,
is called an anti-chain:

A is an anti-chain in P if and only if for all distinct x , y from
A we have that x 66 y and y 66 x .

A sub-poset I of P is a semi-ideal if for all x , y from P:
x ∈ I and y 6 x , imply y ∈ I .

A sub-poset F of P is its semi-filter if for all x , y from P:
x ∈ F and x 6 y , imply y ∈ F .
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Ordered structures
Poset

Examples

All powers of a natural number n (1, n, n2, n3, . . . ) form a
chain in (N, | ).

An anti-chain in the same poset, is formed by all primes, and
another by e.g., all numbers between 20 and 30.

A semi-ideal in (N, | ) consists e.g., of all divisors of 10.

A semi-filter in N consists e.g., of all numbers being multiples
either of 2 or of 3. 2
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Ordered structures
Poset

Functions between posets
If (P,6) and (Q,6) are posets, then a function f : P → Q is
said to be isotone if for all x , y ∈ P
from x 6 y it follows that f (x) 6 f (y).

An injection (1 - 1) f from P to Q is mutually isotone, if it
fulfills the condition x 6 y ←→ f (x) 6 f (y).

Bijective and mutually isotone function f : P → Q is said to
be an (order) isomorphism from (P,6) to (Q,6).

If there is at least one isomorphism from P to Q, then these
posets are said to be isomorphic; this is denoted by
(P,6) ∼= (Q,6).

Two finite posets are isomorphic if and only if they have equal
diagrams. �
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Ordered structures
Poset

Example
Diagrams of all posets with at most four elements:
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Ordered structures
Poset

Duality

For an ordering 6 on a set P, its dual > on P is defined by
x > y if and only if y 6 x .

The relation > is the inverse relation of 6 and it is also an
ordering on P.

For every statement about the order there is a dual
statement. It is obtained by replacing each occurrence of 6
by > and each occurrence of > by 6 .

Duality principle for posets: If a statement holds for all posets,
then also its dual is valid.
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Ordered structures
Poset

Example c
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Ordered structures
Poset

Special elements
(P,6) - poset, b ∈ P.
b is minimal element if the following formula holds:

¬(∃x ∈ P)(x < b) .

Dually, b is maximal if the following holds:

¬(∃x ∈ P)(b < x) .

An element b is the least in P (the bottom element), if:

(∀x ∈ P)(b 6 x) .

Dually, b is the greatest in P (the top element), if:

(∀x ∈ P)(x 6 b) .
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Ordered structures
Poset

The least element is also minimal, the greatest is maximal;
the converse is not generally fulfilled.

If there is, the least element is is unique and sometimes is
called the zero of a poset (0).

Similarly, if the greatest element in a poset exists, then it is
unique and sometimes it is called the unit, denoted by 1.

A poset with the bottom and the top element is said to be
bounded.
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Ordered structures
Poset

Examples
In (N,6) the least element is number 1.

In (N−,6) (negative integers) the greatest element is number
(−1).

(N, | ) possesses the least element, number 1, the greatest
does not exist.

(N0, | ) (where N0 = N ∪ {0}) has also the top element,
number 0, since for every natural number n, n | 0.

A - nonempty set;

(P(A),⊆) has the least (∅) and the greatest (A) element.

(P(A)∗,⊆) (nonempty subsets) does not have the least
element, though there are minimal elements - one-element
subsets of A. 2
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Ordered structures
Poset

If a poset P has the least element 0, then each element
covering 0 is called an atom:
a is an atom ←→ 0 ≺ a.

Dually, if there is the top element 1 in P, then a co-atom is
defined analogously:
a is a co-atom ←→ a ≺ 1.

Examples
In (P(A),⊆) atoms are one-element sets, and co-atoms are
sets A \ {x}, x ∈ A.

In (N,6) the only atom is number 2, and in (N, | ) atoms are
prime numbers.

The poset ([0, 1],6) has no atoms. 2
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Ordered structures
Poset

Infimum and supremum
Q - sub-poset of a poset P.

A lower bound of Q is each element x from P satisfying
x 6 b, for all b ∈ Q.

Similarly, an upper bound of Q is each element y from P
satisfying b 6 y , for all b ∈ Q.

Examples
An upper bound for a collection of subsets in a power set is
every set containing their union, and a lower bound is each set
contained in their intersection.

In (N, | ) upper bounds exist only for finite sets of natural
numbers. Lower bounds exist for all subsets of N. 2
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Ordered structures
Poset

P - poset, Q ⊆ P.

Q` := {a ∈ P | a 6 b, for every b ∈ Q};
Qu := {a ∈ P | b 6 a, for every b ∈ Q}.
Q` is the set of all lower bounds, and Qu the set of all upper
bounds for a subset Q of P.

The greatest element of Q` (if it exists) is called infimum of
Q, and it is denoted by inf Q.

Dually, the least element of Qu (if it exists) is called
supremum of Q, and it is denoted by sup Q.

If they exist, infimum and supremum are unique elements.
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Ordered structures
Poset

For p ∈ P, p = inf Q if and only if:
(i) for all x from Q, p 6 x and
(ii) if there is y in P such that for all x from Q, y 6 x , then
y 6 p.
Similarly, for p ∈ P, p = sup Q if and only if:
(i ′) for all x from Q, x 6 p and
(ii ′) if there is y in P such that for all x from Q, x 6 y, then
p 6 y. �
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Ordered structures
Poset

Examples c cc c
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(i) inf{b, c , d} = b, supremum of {b, c , d} does not exist.

(ii) The set {p, s} does not have neither infimum nor supremum.
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Ordered structures
Poset

Infimum of the collection of subsets in a power set is their
intersection, supremum their union.

Infimum of a finite collection of natural numbers in (N, | ) is
their greatest common divisor, and supremum their least
common multiple.

Each one-element subset of a poset has infimum and
supremum: inf{a} = sup{a} = a. 2
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Ordered structures
Lattice as a poset

Lattice (lattice ordered poset)

Lattice is a poset (L,6) in which for any two elements a and b
there are inf{a, b} i sup{a, b}.
We also say that (L,6) is a lattice ordered poset.

If (L,6) is a lattice, then inf M and sup M exist for every
nonempty finite subset M of L. �

Complete lattice is a poset in which every subset has infimum and
supremum.
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Ordered structures
Lattice as a poset

A lattice is bounded if it is a bounded poset, i.e., if it has the
bottom element, 0, and the top, 1.

A complete lattice is bounded.
Consequently, a finite lattice is complete and bounded. �

Examples
Posets of numbers, from naturals to reals, are lattices under
6: inf{a, b} = min{a, b}; sup{a, b} = max{a, b}.
Every chain is a lattice ordered poset.
The poset R is not a complete lattice under 6; it is completed
by adding the bottom, −∞, and the top element, ∞.
The power set of any set is a complete lattice under inclusion:
Infimum of a collection of subsets is its intersection,
supremum its union. 2
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Ordered structures
Lattice as a poset

Diagrams of all lattices with at most six elemenats
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Fuzzy approach
Main problem

Our aim is to present a fuzzy version of the connections:

order −→ covering (totaly intransitive) relation
and

totaly intransitive relation −→ order

B. Šešelja and A. Tepavčević Lattice and poset valued structures



Cutworthy approach
Definitions

The co-domain: complete distributive lattice (L,∧,∨).

X - nonempty set.

A fuzzy relation ρ : X 2 → L is

reflexive if for all x ∈ L, ρ(x , x) = 1;

antisymmetric if for all x , y ∈ X , x 6= y imply
ρ(x , y) ∧ ρ(y , x) = 0;

transitive if for all x , y , z ∈ X , ρ(x , y) ≥ ρ(x , z) ∧ ρ(z , y).

A relation ρ : X 2 → L is a fuzzy ordering relation on X if it
is reflexive, antisymmetric and transitive.
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Cutworthy approach
Total intransitivity

We say that a relation ρ : X 2 → L is L-valued totaly intransitive
if

for every n ∈ N, and for all x1, . . . , xn ∈ X ,
from

ρ(x1, x2) ∧ ρ(x2, x3) ∧ . . . ∧ ρ(xn−1, xn) > 0,

it follows that

x1 6= xi , for all i = 2, . . . , n and

ρ(x1, xi ) = 0, for all i = 3, . . . , n.
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Cutworthy approach
Order and covering

Let ρ : X 2 → L be a fuzzy ordering relation on the set X .

Define a fuzzy relation αρ : X 2 → L, as follows:

αρ(x , x) = 0, and if x 6= y , then

αρ(x , y) =

{
0, if ρ(x , z) ∧ ρ(z , y) > 0 for some z 6∈ {x , y};
ρ(x , y), if ρ(x , z) ∧ ρ(z , y) = 0 for all z 6∈ {x , y}.

We call the relation αρ the L-valued covering relation
induced by the fuzzy order ρ.
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Cutworthy approach
Properties of cuts

Theorem

If αρ is the L-fuzzy covering relation on the set X , induced by the
L-fuzzy order ρ : X 2 → L, then for each p ∈ L, p > 0, the
cut-relation (αρ)p is a covering relation of the corresponding p-cut
ρp of ρ. �
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Fuzzy totaly intransitive relations
From fuzzy order to fuzzy covering

Theorem

Let ρ : X 2 → L be a fuzzy ordering relation on the set X and αρ

the corresponding L-valued covering relation. Then for any distinct
x , y ∈ X ,

ρ(x , y) =
∨

n∈N,xi∈X

(α(x , x1)∧α(x1, x2)∧. . .∧α(xn−1, xn)∧α(xn, y)),

for all finite sequences x1, . . . , xn ∈ X , n ∈ N. �
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Fuzzy totaly intransitive relations
From fuzzy order to fuzzy covering

Theorem

If ρ : X 2 → L is a fuzzy ordering relation on the set X , then the
corresponding L-valued covering relation αρ is an L-valued totaly
intransitive relation on X . �
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Fuzzy totaly intransitive relations
From fuzzy totaly intransitive relation to fuzzy order

The converse:

Theorem

Let X be a nonempty set and α a totaly L-valued intransitive
relation on X . Then there exists a fuzzy ordering relation ρ such
that its fuzzy covering relation is α. �
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Fuzzy totaly intransitive relations
From fuzzy totaly intransitive relation to fuzzy order

The construction of the fuzzy order:

If α : X 2 → L is a totaly fuzzy intransitive relation on X , then
the corresponding fuzzy ordering relation ρ : X 2 → L is
defined as follows:

for all x , y ∈ X

ρ(x , x) := 1, and if x 6= y , then

ρ(x , y) :=
∨

n∈N,xi∈X

(α(x , x1) ∧ α(x1, x2) ∧ . . .

. . . ∧ α(xn−1, xn) ∧ α(xn, y)),

where
∨

runs over all finite sequences x1, . . . , xn ∈ X , for
each n ∈ N. �
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Fuzzy totaly intransitive relations
From fuzzy totaly intransitive relation to fuzzy order

Corollary

For every totaly fuzzy intransitive relation α there exists a fuzzy
ordering relation ρ such that its fuzzy covering relation is α. The
fuzzy order obtained by the previous construction is the minimal
one. �
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Fuzzy totaly intransitive relations
Construction by cuts

Theorem

Let L be a complete distributive lattice and A = {αp | p ∈ L} a
collection of crisp totaly intransitive relations on a nonempty set
X , fulfilling also the following properties:
(i) for all p, q ∈ L, if p 6 q then αq ⊆ αp;
(ii) for every x ∈ X ,

⋂
{αp | x ∈ αp} = αW{p|x∈αp}.

Then, the L-fuzzy relation α : X 2 → L, defined by

α(x , y) :=
∨
{p ∈ L | xαpy}, x , y ∈ L,

is an L-fuzzy totally intransitive relation on X . �
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Fuzzy relations
Residuated lattice as co-domain

Next we consider the same problem in residuated lattices
framework. In what follows, all fuzzy structures have a complete
residuated lattice L = (L,∧,∨,⊗,→, 0, 1) as a co-domain.

X - nonempty set.

A fuzzy relation ρ : X 2 → L is

reflexive if for all x ∈ L, ρ(x , x) = 1;

symmetric if for all x ∈ L, ρ(x , y) = ρ(y , x);

⊗-antisymmetric if for all x , y ∈ X , if x 6= y , then
ρ(x , y)⊗ ρ(y , x) = 0;

⊗-transitive if for all x , y , z ∈ X , ρ(x , y) ≥ ρ(x , z)⊗ ρ(z , y).
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Fuzzy relations
Fuzzy equivalence and equality

A relation ρ : X 2 → L is a ⊗-fuzzy equivalence (fuzzy
similarity relation) on X if it is reflexive, symmetric and
⊗-transitive.

A relation ρ : X 2 → L is a ⊗-fuzzy equality relation if it is a
fuzzy equivalence relation such that from ρ(x , y) = 1 it
follows that x = y .
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Fuzzy relations
Fuzzy order

Fuzzy relation ρ : X 2 → L is ⊗-E -antisymmetric if for all
x , y ∈ X , ρ(x , y)⊗ ρ(y , x) ≤ E (x , y), where E is a fuzzy
equality relation.

A relation ρ : X 2 → L is a ⊗-fuzzy quasi-ordering relation
on X if it is reflexive and ⊗-transitive.

A relation ρ : X 2 → L is a ⊗-fuzzy ordering relation on X if
it is reflexive, ⊗-antisymmetric and ⊗-transitive.

A relation ρ is a ⊗-E -fuzzy ordering relation if it is reflexive,
⊗-E -antisymmetric and ⊗-transitive, where E is a fuzzy
equality relation.
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Fuzzy relations
Definition

We say that a relation ρ : X 2 → L is L-valued totaly
⊗-intransitive if

for every n ∈ N, and for all x1, . . . , xn ∈ X ,
from

ρ(x1, x2)⊗ ρ(x2, x3)⊗ . . .⊗ ρ(xn−1, xn) > 0,

it follows that

x1 6= xi , for all i = 2, . . . , n and

ρ(x1, xi ) = 0, for all i = 3, . . . , n.
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Fuzzy totaly intransitive relations
From fuzzy order to fuzzy covering

Let ρ : X 2 → L be a ⊗-fuzzy ordering relation on the set X .

Define a fuzzy relation αρ : X 2 → L, as follows:

αρ(x , x) = 0, and if x 6= y , then

αρ(x , y) =

{
0, if ρ(x , z)⊗ ρ(z , y) > 0 for some z 6∈ {x , y};
ρ(x , y), if ρ(x , z)⊗ ρ(z , y) = 0 for all z 6∈ {x , y}.

We call the relation αρ the L-valued covering relation
induced by the fuzzy order ρ.
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Fuzzy totaly intransitive relations
From fuzzy order to fuzzy covering

Theorem

Let ρ : X 2 → L be a ⊗-fuzzy ordering relation on the set X and αρ

the corresponding L-valued covering relation. Then for any distinct
x , y ∈ X ,

ρ(x , y) =
∨

n∈N,xi∈X

(α(x , x1)⊗α(x1, x2)⊗. . .⊗α(xn−1, xn)⊗α(xn, y)),

for all finite sequences x1, . . . , xn ∈ X , n ∈ N. �
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Fuzzy totaly intransitive relations
Diagram

Diagram

Let ρ : X 2 → L be a ⊗-fuzzy ordering relation on the set X
and αρ the corresponding L-valued covering relation. Then the
graphic representation of the relation αρ is the diagram of ρ.

c
�
�
�
�
�
�
�
�
�c

x

y

αρ(x , y)
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Fuzzy totaly intransitive relations
From fuzzy order to fuzzy covering

Theorem

If ρ : X 2 → L is a ⊗-fuzzy ordering relation on the set X , then the
corresponding L-valued covering relation αρ is an L-valued totaly
⊗-intransitive relation on X . �
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Fuzzy totaly intransitive relations
From fuzzy totaly intransitive relation to fuzzy order

The converse:

Theorem

Let X be a nonempty set and α a totaly L-valued ⊗-intransitive
relation on X . Then there exists a ⊗-fuzzy ordering relation ρ such
that its fuzzy covering relation is α.
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Fuzzy totaly intransitive relations
From fuzzy totaly intransitive relation to fuzzy order

The construction of the fuzzy order:

If α : X 2 → L is a totaly fuzzy ⊗-intransitive relation on X ,
then the ⊗-fuzzy ordering relation ρ : X 2 → L is defined as
follows:

for all x , y ∈ X

ρ(x , x) := 1, and if x 6= y , then

ρ(x , y) :=
∨

n∈N,xi∈X

(α(x , x1)⊗ α(x1, x2)⊗ . . .

. . .⊗ α(xn−1, xn)⊗ α(xn, y)),

where
∨

runs over all finite sequences x1, . . . , xn ∈ X , for
each n ∈ N. �
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Fuzzy totaly intransitive relations
From fuzzy totaly intransitive relation to fuzzy order

Corollary

For every totaly fuzzy ⊗-intransitive relation α and every fuzzy
equality E , there exists a ⊗-E -fuzzy ordering relation ρ such that
its fuzzy covering relation is α. The fuzzy order obtained by the
previous construction is the minimal one. �
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Fuzzy totaly intransitive relations
Examples

Example 1
X = {x , y , z , u, v}, L - the unit interval [0, 1] under ordinary
lattice operations;

ρ - L-fuzzy ordering relation;

αρ - L-fuzzy covering relation induced by ρ.

ρ x y z u v

x 1 0.3 0.3 0.3 0
y 0 1 0 0.7 0
z 0 0 1 0.7 0
u 0 0 0 1 0
v 0 0 0.05 0.4 1

αρ x y z u v

x 0 0.3 0.3 0 0
y 0 0 0 0.7 0
z 0 0 0 0.7 0
u 0 0 0 0 0
v 0 0 0.05 0 0
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Fuzzy totaly intransitive relations
Examples

σαρ x y z u v

x 1 0.3 0.3 0.3 0
y 0 1 0 0.7 0
z 0 0 1 0.7 0
u 0 0 0 1 0
v 0 0 0.05 0.05 1

c
c c
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L-fuzzy covering αρ
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Fuzzy totaly intransitive relations
Examples

Example 2
X = {x , y , z , u, v}; L - eight-element Boolean (Heyting)
algebra;
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Fuzzy totaly intransitive relations
Examples

α x y z u v

x 0 p q 0 r
y 0 0 0 0 q
z 0 0 0 r p
u 0 0 0 0 0
v 0 0 0 0 0

ρα x y z u v

x 1 p q q r
y 0 1 0 0 q
z 0 0 1 r p
u 0 0 0 1 0
v 0 0 0 0 1
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Fuzzy totaly intransitive relations
Examples
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